Analysis of a crack in a half-plane piezoelectric solid with traction-induction free boundary  by Yang, P.S. et al.
Available online at www.sciencedirect.comInternational Journal of Solids and Structures 44 (2007) 8556–8578
www.elsevier.com/locate/ijsolstrAnalysis of a crack in a half-plane piezoelectric solid
with traction-induction free boundary
P.S. Yang a, J.Y. Liou b, J.C. Sung a,*
a Department of Civil Engineering, National Cheng Kung University, Tainan 70101, Taiwan, ROC
b Department of Civil Engineering, Kao Yuan University, Kaohsiung 82151, Taiwan, ROC
Received 29 January 2007; received in revised form 29 May 2007; accepted 25 June 2007
Available online 30 June 2007Abstract
In this paper, the problem of a crack embedded in a half-plane piezoelectric solid with traction-induction free boundary
is analyzed. A system of singular integral equations is formulated for the materials with general anisotropic piezoelectric
properties and for the crack with arbitrary orientation. The kernel functions developed are in complex form for general
anisotropic piezoelectric materials and are then specialized to the case of transversely isotropic piezoelectric materials
which are in real form. The obtained coupled mechanical and electric real kernel functions may be reduced to those kernel
functions for purely elastic problems when the electric eﬀects disappear. The system of singular integral equations is solved
numerically and the coupling eﬀects of the mechanical and electric phenomena are presented by the generalized stress
intensity factors for transversely isotropic piezoelectric materials.
 2007 Elsevier Ltd. All rights reserved.
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tors; Crack1. Introduction
In recent years the wide use of the electromechanical and electronic devices, such as ultrasonic generators,
sensors, underwater acoustic, transducers and actuators has promoted the investigations of the piezoelectric
materials to improve the understanding of the intrinsic coupling eﬀect between mechanical and electrical ﬁeld.
In these devices, both electrical and mechanical loads applied on the piezoelectric components will give rise to
suﬃciently high stresses that can lead to their failure. To understand their fracture behaviors, many research-
ers have performed the analyses of piezoelectric materials containing an inclusion or a crack embedded in an
inﬁnity plane, e.g., the problems of two-dimensional inﬁnite extended piezoelectric materials with cracks, ellip-
tic inclusions or holes have been investigated by Chung and Ting (1996), Lu and Williams (1998) and Gao and
Fan (1999). Considering a semi-inﬁnite crack in two-dimensional inﬁnite anisotropic piezoelectric materials,0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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ical dislocation with the Griﬃth crack or an anti-crack. As to the problems with the half-plane boundary, Fan
et al. (1996) studied the stress and electric ﬁeld distributions in a piezoelectric half-plane under contact loads at
the surface. Sosa and Castro (1994) used the Fourier transform techniques to analyze the case of a point force
and a point charge acting on the half-plane surface. Gao and Fan (1998) gave an explicit 2D Green’s function
for transversely isotropic piezoelectric half-plane solids using the principle of analytical continuation of com-
plex potentials. Liu et al. (1997) also presented the explicit expressions for the half-plane Green’s functions on
the basis of Stroh formalism. Recently, Gao and Noda (2004) treated the Green’s functions for the half-plane
piezoelectric solids with the attention paid to the eﬀect of the nonzero normal component of the electric dis-
placement on the half-plane boundary.
It is known that the stress intensity factors at the crack tip can be used to predict the crack propagation
which will result in the possible failure of the structure. In a piezoelectric solid, the fracture characteristic
of a plane crack can be characterized by generalized stress intensity factors i.e.,KI,KII,KIII and KD, where
the ﬁrst three correspond to the strength of the stress singularities (i.e., tensile, in-plane shear and anti-plane
shear, respectively), and the last KD is the strength of the electric displacement at a crack tip. In this paper, an
arbitrarily-oriented crack embedded in a half-plane piezoelectric solid under traction-induction free boundary
condition is considered. Following the investigations suggested by Wang and Mai (2004) and Ueda (2007), the
electric impermeable boundary conditions on the crack faces are assumed in our analysis. Based upon the gen-
eralized Stroh formulation, a system of singular integral equations with the unknown generalized dislocation
densities deﬁned on the crack faces is developed to evaluate the mechanical and electric coupling eﬀect of the
generalized stress intensity factors. The kernel functions developed in the singular integral equations contain
the complex-valued matrix B for traction-induction free boundary which make the kernel functions in com-
plex form for general anisotropic piezoelectric materials. With the results developed by Liou and Sung
(2007) who express the elements of the matrix B in terms of the elastic stiﬀness explicitly for piezoelectric mate-
rials, a real form of the kernel functions for transversely isotropic piezoelectric materials is obtained. In par-
ticular, the obtained explicit real kernel functions show that when the crack is orientated in the direction
perpendicular to the free surface of the half-plane and the poling direction paralleling the crack faces then
the mode I elastic deformation is totally decoupled from both the mode II elastic deformation and the mode
for electric potential. Furthermore, the obtained coupled elastic and electric real kernel functions may be
decoupled when the electric eﬀects disappear and the reduced kernel functions corresponding to the elastic
part recover to those appearing in the literature (Sung and Liou, 1995a). The coupling eﬀects of the mechan-
ical and electric phenomena are investigated numerically and are presented by the generalized stress intensity
factors for two diﬀerent transversely isotropic piezoelectric ceramics (i.e., BaTiO3 and PZT-6B). Attention is
given to the eﬀects of the depth and the inclination of the crack on the generalized stress intensity factors and
obtained results are discussed.2. Generalized Stroh formalism
In a rectangular coordinate system xi (i = 1, 2, 3), the basic equations for a linear piezoelectric material
(Suo et al., 1992 and Ting, 1996) are given byrij ¼ cijklekl  ekijEk; Di ¼ eiklekl þ aikEk; ð1Þ
eij ¼ 12ðui;j þ uj;iÞ; Ei ¼ u4;i; ð2Þ
rij;j ¼ 0; Di;i ¼ 0; ð3Þwhere rij, ekl, Di and Ek are the stresses, the strains, electric displacements and the electric ﬁeld respectively. ui
(i = 1, 2, 3) and u4 are the elastic displacements and electric potential, respectively. cijkl, ekij and aik are the
elastic stiﬀness, piezoelectric-stress and dielectric constants, respectively. Furthermore, these material con-
stants satisfy the following symmetric relation:cijkl ¼ cjikl ¼ cijlk ¼ cklij; ekij ¼ ekji; aik ¼ aki: ð4Þ
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ment vector u = [u1,u2,u3,u4]
T, and generalized stress function vector / = [/1,/2, /3,/4]
T can be expressed asu ¼ 2RefAfðzÞg; ð5Þ
/ ¼ 2RefBfðzÞg; ð6ÞwhereA ¼ ½a1; a2; a3; a4; B ¼ ½b1; b2; b3; b4; ð7Þ
fðzÞ ¼ ½f1ðz1Þ; f2ðz2Þ; f3ðz3Þ; f4ðz4ÞT; ð8Þ
za ¼ x1 þ pax2; ða ¼ 1; 2; 3; 4Þ; ð9Þwhere the superscript T indicates transposition and fa(za), (a = 1, 2, 3, 4) are arbitrary analytic functions of za.
Column vectors of matrix A, i.e., aa (a = 1, 2, 3, 4) and pa (a = 1, 2, 3, 4) are determined by the following eigen
relationUaa ¼ 0; ða ¼ 1; 2; 3; 4Þ; ð10Þ
whereU ¼ Qþ pa Rþ RT
 þ p2aT ; ð11Þ
Q ¼ ci1k1 e1i1
eT1k1 a11
 
; R ¼ ci1k2 e1i2
eT2k1 a12
 
; T ¼ ci2k2 e2i2
eT2k2 a22
 
: ð12ÞQ and T are 4 · 4 matrices and both are symmetric and non-singular. The matrix B appearing in Eq. (6) is
related to the matrix A by the following relationshipB ¼ RTAþ TAP; ð13Þ
whereP ¼ diag½p1; p2; p3; p4: ð14Þ
The generalized stress function vector expressed in Eq. (6) may be employed to evaluate the generalized stress
vectors t1 and t2. With their components deﬁned below, they are evaluated directly by the formula ast1 ¼ ½r11; r12; r13;D1T ¼ /;2; t2 ¼ ½r21; r22; r23;D2T ¼ /;1: ð15Þ3. Formulation of the problem
In the following, the problem of a straight crack with length 2c orientated arbitrarily in a piezoelectric
half-plane solid is considered. The geometry of the problem is shown in Fig. 1. The condition on the half-
plane boundary is traction-induction free. Angle w deﬁnes the orientation of the crack relative to the glo-
bal coordinates x1 and x2 while d is the depth of the crack measured from the traction-induction free
boundary to the nearest crack tip. For convenience a local coordinates n and g is also adopted. Crack
faces are subjected to prescribed loads, either mechanical or electric being considered. It is well known
that this problem can be formulated in terms of a system of singular integral equations where the
unknown functions in the equations are the densities of the generalized dislocations distributed on the
crack faces. The kernels of the equations are functions due to a generalized dislocation with the general-
ized Burgers vector b ¼ ½b1; b2; b3; b4T where bi ði ¼ 1; 2; 3Þ and b4 are mechanical displacement jump and
an electric potential jump in the plane, respectively, applied at point xD ¼ ðxD1 ; xD2 Þ in a crack-free piezo-
electric solid. The complex generalized stress functions have been given by Liu et al. (1997) and Gao and
Noda (2004) and the results are/ ¼ 1
p
Im B ‘n za  zDa
  	
BTb þ B
X4
b¼1
‘n za  zDb

 D E
B1BIbB
Tb
( )
; ð16Þ
D1x
2x
d
2c
Fig. 1. Geometry of the problem.
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‘n za  zDb

 D E
¼ diag ‘n z1  zDb

 
; ‘n z2  zDb

 
; ‘n z3  zDb

 
; ‘n z4  zDb

 h i
; ð18Þ
I1 ¼ diag½1; 0; 0; 0; I2 ¼ diag½0; 1; 0; 0; I3 ¼ diag½0; 0; 1; 0; I4 ¼ diag½0; 0; 0; 1; ð19Þ
za ¼ x1 þ pax2; zDa ¼ xD1 þ paxD2 ; ða ¼ 1; 2; 3; 4Þ; ð20ÞWith the generalized stress functions determined above, the generalized traction at any pint on a plane curve
with outward unit normal vector m may be evaluated bytm ¼ o/os ; ð21Þwhere s is the arc length measured along the curve. Now suppose there are generalized dislocations with den-
sities b*(t) distributed over the crack faces, then by summing up the generalized tractions tg induced by these
generalized dislocations on the crack faces, a representation equation for the total generalized tractions on the
crack faces is obtained. For the present problem, the total generalized tractions on the crack faces are known a
prior, therefore, a system of singular integral equations is obtained instead. To develop these equations, we
ﬁrst express variables za and zDa on the crack faces in terms of the new variables n and t, respectively, asza ¼ nza  paðdþ c sinwÞ; nj j 6 c; ð22Þ
zDa ¼ tza  paðdþ c sinwÞ; tj j 6 c; ða ¼ 1; 2; 3; 4Þ; ð23Þwhereza ¼ coswþ pa sinw; ð24Þ
and then with the procedures described above a system of singular integral equations can be obtained as1
2p
Z c
c
eðtÞ
t n dtþ
Z c
c
Kðn; tÞeðtÞdt
 
¼ tgðnÞ; nj j 6 c; ð25Þwhere e(t) = [e1(t),e2(t),e3(t),e4(t)]
T = Lb*(t). Here L is the matrix deﬁned as (Ting, 1996)
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where i2 = 1, and the kernel function K(n,t) in Eq. (25) is given byKðn; tÞ ¼ Re B
X4
b¼1
ZbB
1 Ub
( )
; ð27ÞwhereUb ¼ BIbB1; ð28Þ
Zb ¼ diag z

1
z1  zDb
;
z2
z2  zDb
;
z3
z3  zDb
;
z4
z4  zDb
" #
: ð29ÞFor single values of generalized displacements around a closed contour surrounding the whole crack, the fol-
lowing auxiliary condition has to be satisﬁedZ c
c
eðtÞdt ¼ 0: ð30ÞThe coupled singular integral equations for the generalized dislocation densities in Eq. (25) combined with Eq.
(30) can be solved numerically. Once the generalized dislocation densities have been found, the generalized
stress intensity factors at the crack tips, i.e., the three stress intensity factors kI, kII and kIII and the electric
displacement intensity factor kD, can be extracted directly, for example for the crack-tip at n = c, by (Sung
and Liou, 1995a)k ¼ ½kII; kI; kIII; kDT ¼
ﬃﬃﬃﬃﬃ
p
4c
r
XðwÞaðcÞ; ð31ÞwhereXðwÞ ¼
cosw sinw 0 0
 sinw cosw 0 0
0 0 1 0
0 0 0 1
2
6664
3
7775; ð32ÞandaðcÞ ¼ lim
t!c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  t2
p
eðtÞ: ð33ÞIt is noted that for general anisotropic piezoelectric materials the determination of the generalized dislocation
density e(t) involves the evaluation of the matrix B, since matrix B appears in the kernel functions as shown in
Eq. (27). Since the eﬀects of the piezoelectric material properties on the kernel functions are most contained in
the matrix B, therefore it is of interest to express matrix B explicitly in terms of material constants. In the next
section, we will employ the results recently constructed by Liou and Sung (2007) for the matrix B and then
with that matrix the kernel functions, originally expressed in complex form for general anisotropic piezoelec-
tric materials, will be expressed in real form for transversely isotropic piezoelectric materials.
4. Explicit real kernel functions
As mentioned in previous section, for general anisotropic piezoelectric materials the kernel functions are
related to the matrix B which is completely determined by the material constants. The explicit form of the
matrix B has been recently constructed by Liou and Sung (2007) in terms of elastic stiﬀness. In the following
we will brieﬂy outline the needed results of matrix B for the development of explicit form of the kernel func-
tions for transversely isotropic piezoelectric materials. For transversely isotropic piezoelectric materials with
the x2-axis parallel to the poling direction, the constitutive equation (Eq. (1)) can be expressed as
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r22
r33
r23
r13
r12
D1
D2
D3
2
66666666666666664
3
77777777777777775
¼
c11 c12 c13 0 0 0 0 e21 0
c12 c22 c12 0 0 0 0 e22 0
c13 c12 c11 0 0 0 0 e21 0
0 0 0 c44 0 0 0 0 e16
0 0 0 0 c55 0 0 0 0
0 0 0 0 0 c44 e16 0 0
0 0 0 0 0 e16 a11 0 0
e21 e22 e21 0 0 0 0 a22 0
0 0 0 e16 0 0 0 0 a11
2
66666666666666664
3
77777777777777775
e11
e22
e33
2e23
2e13
2e12
E1
E2
E3
2
66666666666666664
3
77777777777777775
; ð34Þwhere contracted notations eia and cab (a, b = 1, 2, . . . , 6) have been used here foreikl and cijkl, respectively. The
matrix U deﬁned in Eq. (11) for transversely isotropic piezoelectric material simpliﬁes toU ¼
ðc44p2 þ c11Þ ðc12 þ c44Þp 0 ðe21 þ e16Þp
ðc12 þ c44Þp ðc22p2 þ c44Þ 0 ðe22p2 þ e16Þ
0 0 ðc44p2 þ c55Þ 0
ðe21 þ e16Þp ðe22p2 þ e16Þ 0 ða22p2 þ a11Þ
2
6664
3
7775; ð35Þwhere c55 = (c11  c13)/2. It is noted that the roots pa (a = 1, 2, 3, 4) corresponding to jUj = 0 for transversely
isotropic piezoelectric material can be classiﬁed into two types (Suo et al., 1992). For the type Ip1 ¼ in1; p2 ¼ in2; p3 ¼ in3; p4 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c55=c44
p
; ð36Þwhich show that all these roots are purely imaginary, and for the type IIp1 ¼ m2 þ in2; p2 ¼ m2 þ in2; p3 ¼ in3; p4 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c55=c44
p
; ð37Þwhich show that only two of them (p3 and p4) are purely imaginary and the rest two (p1 and p2) have nonzero
real parts but with equal imaginary parts. Since the anti-plane mechanical deformation can be entirely decou-
pled from both in-plane mechanical deformation and electric ﬁeld for transversely isotropic piezoelectric mate-
rials, we henceforth will ignore the anti-plane mechanical deformation hereafter. With this consideration in
mind, the size of the matrix B deﬁned in Eq. (7) becomes 3 · 3 and the elements of which can be constructed
as (Liou and Sung, 2007)B ¼
p1 p2 p3k
1 1 k
h1 h2 1
2
64
3
75; ð38Þwhere hk (k = 1, 2) and k, related to material constants, are listed in the Appendix A.4.1. Kernel functions for type I roots
With the properties of the type I roots, it is obvious that the elements of hk (k = 1, 2) (Eq. (A.1)) and k (Eq.
(A.2)) are all real. Therefore matrix B becomesB ¼
in1 in2 in3k
1 1 k
h1 h2 1
2
64
3
75: ð39ÞSince the kernel functions are also related to the functionsZb deﬁned in Eq. (29), we need the expressions of the
real part and imaginary part of the functions Zb as follows:
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
a
za  zDb
( )
ð40Þ
¼ fðn tÞ cos2 w N 2ab½d ðn cÞ sinw sinw nanb½d ðt cÞ sinw sinwg=Dab;
mab ¼ Im z

a
za  zDb
( )
¼ fðN ab þ NbaÞ½d ðt cÞ sinw coswg=Dab; ðno sum on a and bÞ;whereDab ¼ ðn tÞ2 cos2 wþ ½d ðn cÞ sinwN ab þ ½d ðt cÞ sinwNba
 2
; ð41Þ
N ab
  ¼
n1 n1 n1
n2 n2 n2
n3 n3 n3
2
64
3
75: ð42ÞSubstituting Eqs. (39) and (40) into Eq. (27), the kernel functions of type I can be expressed in real form asK n; tð Þ ¼ 1
B^21
X3
i¼1
K11i K
12
i F 11K
12
i
K21i K
22
i F 12K
22
i
K31i K
32
i F 13K
32
i
2
64
3
75; ð43Þwhere B^1 ¼ kh1ðn2  n3Þ þ kh2ðn3  n1Þ þ ðn2  n1Þ and all the elements in Eq. (43) are shown in the Appendix
B. The kernel functions expressed in Eq. (43) are valid for any angle w. It is of interest to consider the two
special crack orientations, i.e., w = 0 (the horizontal crack) and w = p /2 (the vertical crack), since the kernel
functions corresponding to these two cases will take simpler forms. For the horizontal crack problem (w = 0),
Eq. (40) can be rewritten asrab ¼ ðn tÞ=Dab; mab ¼ dðN ab þ N baÞ=Dab; ða; b ¼ 1; 2; 3; no sum on a and bÞ; ð44ÞwhereDab ¼ ðn tÞ2 þ d2ðN ab þ NbaÞ2: ð45ÞTherefore with the expressions in Eqs. (44) and (45), the kernel functions in Eq. (43) may be simpliﬁed and it is
found that no element is identically zero in the kernel functions for the horizontal crack problem, implying
that mechanical and electric coupling eﬀects are always existed for the horizontal crack problem. The situation
for the vertical crack problem, however, will be diﬀerent as will be seen below. For w = p/2, it is easily seen
that the imaginary part of the functions Zb deﬁned in Eq. (40) are all zeros, i.e., mab = 0. Hence Eq. (40) is
much simpliﬁed torab ¼ N ab=Dab; ða; b ¼ 1; 2; 3; no sum on a and bÞ; ð46ÞwhereDab ¼ ðn d cÞN ab þ ðt d cÞN ba; ð47ÞWith these simpliﬁed results shown in Eqs. (46) and (47), one may easily verify that for the vertical crack prob-
lem the following elements of the kernel functions are identically zero, i.e.,K12i ¼ K13i ¼ K21i ¼ K31i ¼ 0; ði ¼ 1; 2; 3Þ: ð48ÞHence for vertical crack problem the originally coupled singular integral equations are decoupled into the fol-
lowing two separated equations as follows
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2p
Z c
c
1
t n e1ðtÞdtþ
Z c
c
1
B^21
X3
i¼1
K11i e1ðtÞdt
( )
¼ r; ð49Þ
1
2p
Z c
c
1
t n
e2ðtÞ
e4ðtÞ
 
dtþ
Z c
c
1
B^21
X3
i¼1
K22i F 12K
22
i
K32i F 13K
32
i
" #
e2ðtÞ
e4ðtÞ
 
dt
( )
¼ s
D
 
; ð50Þwhere r, s and D are, respectively, the pressure, shear and electric displacement loading applied on the
crack faces. The ﬁrst decoupled equation (Eq. (49)) is entirely for the mode I mechanical deformation
which indicates that there will be neither any response for the mode II mechanical deformation nor
any electric response when the crack faces are subjected to normal pressure loading only. Note that this
observation may also be conﬁrmed from the symmetric considerations of the geometry and the loading
conditions.4.2. Kernel functions of type II roots
The kernel functions for type II roots are more involved since the roots p1 and p2 are not purely imaginary.
Lettingh2 ¼ rh þ imh; ð51Þ
where rh and mh are the real and imaginary part of h2, respectively, and using the identities h1 ¼ h2 (Eq. (A.1))
and Im{k} = 0 (Eq. (A.2)) which were implied by the properties of type II roots, i.e., p1 ¼ p2 and p3 = in3
(Eq. (37)), the matrix B may be expressed asB ¼
m2  in2 m2  in2 in3k
1 1 k
rh þ imh rh  imh 1
2
64
3
75: ð52ÞFor type II roots, the real part rab and imaginary part mab of the functions Zb appearing in the kernel func-
tions may be expressed asr11 ¼ ft^3ðcosw 2m2 sinwÞ  m22ð^t2  t^1Þ sinw n22ð^t1 þ t^2Þ sinwg=D11; ð53Þ
r21 ¼ ft^3 cosw 2^t2m2 cosw ðm22 þ n22Þð^t1 þ t^2Þ sinwg=D21;
r31 ¼ ft^3 cosw t^1m2 cosw ð^t1 þ t sinwÞn3ðn2 þ n3Þ sinwþ n3ðtn2 þ nn3Þ sin2 wg=D31;
r12 ¼ ft^3 coswþ 2^t2m2 cosw ðm22 þ n22Þð^t1 þ t^2Þ sinwg=D12;
r22 ¼ ft^3ðcoswþ 2m2 sinwÞ  m22ð^t2  t^1Þ sinw n22ð^t1 þ t^2Þ sinwg=D22;
r32 ¼ ft^3 coswþ t^1m2 cosw ð^t1 þ t sinwÞn3ðn2 þ n3Þ sinwþ n3ðtn2 þ nn3Þ sin2 wg=D32;
r13 ¼ ft^3 coswþ m2ð2^t2  t^1Þ cosw t^2m22 sinw
 ð^t1 þ t sinwÞn2ðn2 þ n3Þ sinwþ n2ðtn3 þ nn2Þ sin2 wg=D13;
r23 ¼ ft^3 cosw m2ð2^t2  t^1Þ cosw t^2m22 sinw
 ð^t1 þ t sinwÞn2ðn2 þ n3Þ sinwþ n2ðtn3 þ nn2Þ sin2 wg=D23;
r33 ¼ ft^3 cosw n23ð^t1 þ t^2Þ sinwg=D33; m11 ¼ f2n2 t^1ðcosw m2 sinwÞg=D11;
m21 ¼ ð2n2^t1 coswÞ=D21; m31 ¼ f^t1½ðn2 þ n3Þ cosw n3m2 sinwg=D31;
m12 ¼ ð2n2^t1 coswÞ=D12; m22 ¼ f2n2 t^1ðcoswþ m2 sinwÞg=D22;
m32 ¼ f^t1½ðn2 þ n3Þ coswþ n3m2 sinwg=D32; m13 ¼ f^t1½ðn2 þ n3Þ cosw n3m2 sinwg=D13;
m23 ¼ f^t1½ðn2 þ n3Þ coswþ n3m2 sinwg=D23; m33 ¼ ð2n3^t1 coswÞ=D33;
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D11 ¼ ½^t3  m2ð^t2  t^1Þ2 þ n22ð^t1 þ t^2Þ2; D21 ¼ ½^t3 þ m2ð^t1 þ t^2Þ2 þ n22ð^t1 þ t^2Þ2;
D31 ¼ ð^t3 þ m2^t1Þ2 þ ðn2 t^1 þ n3 t^2Þ2; D12 ¼ ½^t3  m2ð^t1 þ t^2Þ2 þ n22ð^t1 þ t^2Þ2;
D22 ¼ ½^t3 þ m2ð^t2  t^1Þ2 þ n22ð^t1 þ t^2Þ2; D32 ¼ ð^t3  m2 t^1Þ2 þ ðn2^t1 þ n3^t2Þ2;
D13 ¼ ð^t3  m2^t2Þ2 þ ðn2 t^2 þ n3 t^1Þ2; D23 ¼ ð^t3 þ m2 t^2Þ2 þ ðn2^t2 þ n3^t1Þ2;
D33 ¼ t^23 þ n23ð^t1 þ t^2Þ2:With the matrix B expressed in Eq. (52) and with the results of rab and mab in Eq. (53), the kernel functions for
the type II roots can be expressed in real form asK n; tð Þ ¼ 1
B^22
X2
i¼1
K11i K
12
i K
13
i
K21i K
22
i K
23
i
K31i K
32
i K
33
i
2
64
3
75; ð55Þwhere B^2 ¼ 2ðm2  kmhn3 þ kmhn2 þ krhm2Þ.The explicit forms of all the elements in Eq. (55) are listed in the
Appendix C. Similar to previous discussions, two special crack orientations, i.e., w = 0 and w = p/2, are fo-
cused. With w = 0 in Eq. (53), the real part rab and imaginary part mab can be simpliﬁed. With these simpliﬁed
results, one may ﬁnd that for the type II roots, similar to the case for type I roots, no element of the kernel
functions is identically zero for the horizontal crack problem. However, for the vertical crack problem, i.e.,
with w = p/2 in Eq. (53), one may verify that these elements of the kernel functions
K12i ¼ K13i ¼ K21i ¼ K31i ¼ 0 ði ¼ 1; 2Þ are again identically zero for type II roots. Therefore with these vanish-
ing elements of the kernel functions we may conclude that, similar to the results for type I roots, the totally
decoupling of mode I mechanical deformation from both the mode II mechanical deformation and the electric
response is also existed for type II roots for the vertical crack problems.4.3. Kernel functions for decoupling problems
When the mechanical and electric coupling eﬀect vanishes, the original coupled problem will be reduced to
two separate purely anisotropic elasticity and electric problems. By letting the piezoelectric-stress constants ekij
be zero, we see that parameters h1, h2 and k deﬁned in Appendix A are all vanish. Therefore matrix B deﬁned
in Eq. (38) becomesB ¼ Be 0
0T 1
 
; ð56ÞwhereBe ¼
p1 p2
1 1
 
ð57Þis the matrix purely related to anisotropic elasticity. Using the matrix B in Eq. (56), the kernel functions for
mechanical and electric decoupled problem become, for arbitrary crack orientation,K n; tð Þ ¼ 1
B^2j
K11j K
12
j 0
K21j K
22
j 0
0 0 K33j
2
664
3
775; ð58Þwhere for type I roots (j = 1)
P.S. Yang et al. / International Journal of Solids and Structures 44 (2007) 8556–8578 8565K111 ¼ r11n21 þ ½r11 þ r22  2ðr21 þ r12Þn1n2 þ r22n22; ð59Þ
K121 ¼ n1n2½ðm11 þ m22  2m12Þn1 þ ðm11 þ m22  2m21Þn2;
K211 ¼ ½ðm11 þ m22  2m12Þn2 þ ðm11 þ m22  2m21Þn1;
K221 ¼ r22n21 þ ½r11 þ r22  2ðr21 þ r12Þn1n2 þ r11n22;
K331 ¼ r33ðn1  n2Þ2; B^1 ¼ n2  n1;and for type II roots (j = 2)K112 ¼ 2ðr11 þ r22Þm22 þ 2ðm12  m21Þm2n2 þ 2ðr11  r12  r21 þ r22Þn22; ð60Þ
K122 ¼ 2ðm22 þ n22Þ½ðr11  r22Þm2 þ ðm11  m12  m21 þ m22Þn2;
K212 ¼ 2½ðr11  r22Þm2  ðm11  m12  m21 þ m22Þn2;
K222 ¼ 2ðr11 þ r22Þm22  2ðm12  m21Þm2n2 þ 2ðr11  r12  r21 þ r22Þn22;
K332 ¼ 4r33m22; B^2 ¼ 2m2:Note that for type I roots, rab and mab (a, b = 1, 2, 3) are given by Eq. (40) while for type II roots rab and mab
(a, b = 1, 2, 3) are given by Eq. (53). In the special case when crack is in either horizontal or vertical position, it
can be shown that the elastic part of the kernel functions in Eq. (58) may be reduced to those presented by
Sung and Liou (1995a). For instance, for the horizontal crack problem when w = 0, by noting that rab, mab
(a, b = 1, 2) which take the following special values, i.e., for type I rootsr11 ¼ ðn tÞ=½ðn tÞ2 þ ð2n1dÞ2; r22 ¼ ðn tÞ=½ðn tÞ2 þ ð2n2dÞ2; ð61Þ
r12 ¼ r21 ¼ ðn tÞ=½ðn tÞ2 þ d2ðn1 þ n2Þ2;
m11 ¼ 4n1d=½ðn tÞ2 þ ð2n1dÞ2; m22 ¼ 4n2d=½ðn tÞ2 þ ð2n2dÞ2;
m12 ¼ m21 ¼ 2d n1 þ n2ð Þ=½ðn tÞ2 þ d2ðn1 þ n2Þ2; B^1 ¼ n2  n1;and for type II rootsr11 ¼ r22 ¼ ðn tÞ=½ðn tÞ2 þ ð2n2dÞ2; r12 ¼ ðn tþ 2m2dÞ=½ðn tþ 2m2dÞ2 þ ð2n2dÞ2;
r21 ¼ ðn t 2m2dÞ=½ðn t 2m2dÞ2 þ ð2n2dÞ2; ð62Þ
m11 ¼ m22 ¼ 2n2d=½ðn tÞ2 þ ð2n2dÞ2; m12 ¼ 2n2d=½ðn tþ 2m2dÞ2 þ ð2n2dÞ2;
m21 ¼ 2n2d=½ðn t 2m2dÞ2 þ ð2n2dÞ2; B^2 ¼ 2m2;one can show that the elastic part of the kernel functions K(n, t) in Eq. (58) will be exactly reduced to those
obtained in the paper by Sung and Liou (1995a), if the following relationships, i.e.,n1 ¼ d 1þ j
2
 1=2
þ j 1
2
 1=2" #
; n2 ¼ d 1þ j
2
 1=2
 j 1
2
 1=2" #
; ð63Þfor type I roots andm2 ¼ d 1 j
2
 1=2
; n2 ¼ d 1þ j
2
 1=2
; ð64Þfor type II roots are used where d and j in Eqs. (63) and (64) are the Krenk’s material constants adopted in the
paper by Sung and Liou (1995a).
5. Results and discussions
The coupled equations (Eqs. (25) and (30)) are solved numerically using a method suggested by Gerasoulis
(1982). This method uses the piecewise quadratic polynomials to approximate the continuous functions
aðtÞðaðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  t2
p
eðtÞÞ. The generalized stress intensity factors at the tips are then obtained from Eq. (31).
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interested in the detailed numerical procedures may refer to that paper.
In the following presentations, the non-dimensional generalized stress intensity factors
½kI ; kII; kD ¼ ½kI=r; kII=s; kD=D=
ﬃﬃﬃﬃﬃ
pc
p
are used. Here r, s and D denote the magnitude of the applied uniform
pressure, uniform shear and normal electric displacement on the crack faces, respectively. In all calculations
the crack face is discretized into 50 (quadratic) elements with partitions involving equal meshes. Traction-
induction free on the half-plane boundary is investigated. The piezoelectric materials PZT-6B (type I) and
BaTiO3 (type II) are considered in this paper. The material constants for these piezoelectric ceramics are
shown in Table 1. In our numerical investigations of the depth eﬀect, d/c is started from 0.1 and then increases
with increment 0.05 until d/c is up to 4.0. Eﬀects of the crack orientations are also studied, however, only the
results corresponding to the cases of d/c = 0.1, 0.4 and 1.0 for cracks orientated from 0 to 90 are presented.
In the computations of problem for arbitrary crack orientations, w is started from 0 and then increases with
increment 1 until it’s up to 90.
The results of the normalized generalized stress intensity factors, i.e., kI , k

II and k

D for coupled mechanical
and electric problem are listed in Tables 2–16 as well as those for decoupled problems. Only results for the
material PZT-6B are listed because the results for material BaTiO3 present similar behavior. By comparing
the coupled and decoupled results from these Tables, it is observed that, no matter what kind of mechanical
or electric loading is applied on the crack faces, the coupled mechanical and electric results for kI and k

II are
only slightly diﬀerent from those for purely decoupled elastic problem which were investigated previously by
Sung and Liou (1995a). With their formulation, results for decoupled problems relevant to the present discus-
sions are recalculated and are listed in Tables 2–16. Two things are implied from the results for kI and k

II listed
in these Tables. The ﬁrst is that when solely the electric loading is applied to the solids, the inverse piezoelectric
eﬀects are insensitive, i.e., when only the electric loading is applied on the crack faces, the inﬂuences of the
electric loading on the mechanical responses of the intensities of the solids at the crack tips are not signiﬁcant.
The second implication is that the evaluations of the intensities of the singular ﬁelds at the crack tips for pie-
zoelectric materials may be directly evaluated by analyzing the corresponding purely elastic problems, at least
for half-plane cracked problems. But the phenomena of the direct piezoelectric eﬀects are diﬀerent as can be
observed from the responses of the normalized electric displacement intensity factor kD induced by the
mechanical loadings which are eﬀected signiﬁcantly by the mechanical loadings. In order to better understand-
ing the overall electric responses induced by either mechanical or electric loading, we present the normalized
electric displacement intensity factor kD in Figs. 2–9 to see the overall eﬀects of the crack depth and crack ori-
entations. The results are further discussed below.
(I) Horizontal crack. Figs. 2–4 are the results of the normalized electric displacement intensity factor kD
versus d/c under uniform pressure, shear and electric displacement loading, respectively. All these ﬁgures
reﬂect that all kD are decreasing function of d/c for both materials, and all the results of k

D for ceramic BaTiO3
are larger than those for ceramic PZT-6B. Note that, however, the values of kD are almost identical for both
ceramics when crack faces are under uniformly normal electric displacement (see Fig. 4).Table 1
Material constants for PZT-6B and BaTiO3 piezoelectric ceramics
Unit PZT-6B (type I) BaTiO3(type II)
c11 10
10 N m2 16.8 15.0
c12 10
10 N m2 6.00 6.60
c13 10
10 N m2 6.00 6.60
c22 10
10 N m2 16.3 14.6
c44 10
10 N m2 2.71 4.40
e21 C m
2 0.90 4.35
e22 C m
2 7.10 17.5
e16 C m
2 4.6 11.4
a11 10
10 C(Vm)1 36.0 98.7
a22 10
10 C(Vm)1 34.0 112
Table 2
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
under uniform pressure loading (Horizontal crack)
d/c 0.1 0.2 0.4 1.0 2.0 4.0
kI Coupled eﬀect 12.730 5.5613 2.8147 1.5248 1.1833 1.0543
Purely elastic 12.722 5.5760 2.8325 1.5381 1.1913 1.0576
kII Coupled eﬀect 7.8168 2.7000 0.8949 0.1757 0.0391 0.0064
Purely elastic 7.7787 2.6909 0.8953 0.1784 0.0406 0.0069
kD Coupled eﬀect 8.4566 3.0050 1.0654 0.2622 0.0829 0.0233
Purely electric – – – – – –
‘‘–’’ means data are not available.
Table 3
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
under uniform shear loading (Horizontal crack)
d/c 0.1 0.2 0.4 1.0 2.0 4.0
kI Coupled eﬀect 0.7758 0.5467 0.3414 0.1210 0.0341 0.0062
Purely elastic 0.7735 0.5450 0.3400 0.1210 0.0346 0.0064
kII Coupled eﬀect 1.2909 1.1494 1.0940 1.0608 1.0311 1.0108
Purely elastic 1.2865 1.1468 1.0922 1.0592 1.0303 1.0106
kD Coupled eﬀect 0.5762 0.3959 0.2338 0.0706 0.0171 0.0029
Purely electric – – – – – –
‘‘–’’ means data are not available.
Table 4
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
under uniform electric displacement loading (Horizontal crack)
d/c 0.1 0.2 0.4 1.0 2.0 4.0
kI Coupled eﬀect 0.0256 0.0192 0.0142 0.0084 0.0043 0.0015
Purely elastic – – – – – –
kII Coupled eﬀect 0.0103 0.0079 0.0060 0.0033 0.0012 0.0002
Purely elastic – – – – – –
kD Coupled eﬀect 2.0124 1.5697 1.2862 1.0866 1.0271 1.0074
Purely electric 2.0320 1.5809 1.2915 1.0873 1.0269 1.0072
‘‘–’’ means data are not available.
Table 5
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
under uniform pressure loading (Vertical crack)
d/c 0.1 0.2 0.4 1.0 2.0 4.0
kI Coupled eﬀect 1.6927 1.4133 1.2201 1.0761 1.0283 1.0091
Purely elastic 1.6901 1.4114 1.2189 1.0757 1.0281 1.0091
kII Coupled eﬀect 0 0 0 0 0 0
Purely elastic 0 0 0 0 0 0
kD Coupled eﬀect 0 0 0 0 0 0
Purely electric – – – – – –
‘‘–’’ means data are not available.
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crack faces are subjected to uniform pressure loading, the responses of kD and k

II are decoupled from the
mechanical mode I response and hence both kD and k

II will be identically zero for uniform pressure loading.
Therefore, only the results of the crack under uniform shear and electric displacement loading are presented
Table 6
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
under uniform shear loading (Vertical crack)
d/c 0.1 0.2 0.4 1.0 2.0 4.0
kI Coupled eﬀect 0 0 0 0 0 0
Purely elastic 0 0 0 0 0 0
kII Coupled eﬀect 1.6951 1.4156 1.2220 1.0771 1.0287 1.0093
Purely elastic 1.6901 1.4114 1.2189 1.0757 1.0281 1.0091
kD Coupled eﬀect 0.2508 0.16167 0.0901 0.0315 0.011495 0.0036
Purely electric – – – – – –
‘‘–’’ means data are not available.
Table 7
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
under uniform electric displacement loading (Vertical crack)
d/c 0.1 0.2 0.4 1.0 2.0 4.0
kI Coupled eﬀect 0 0 0 0 0 0
Purely elastic – – – – – –
kII Coupled eﬀect 0.0005 0.0002 0.0006 0.0005 0.0002 0.0001
Purely elastic – – – – – –
kD Coupled eﬀect 1.4894 1.2782 1.1417 1.0470 1.0172 1.0055
Purely electric 1.4913 1.2803 1.1435 1.0480 1.0176 1.0057
‘‘–’’ means data are not available.
Table 8
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
and d/c = 0.1 under uniform pressure loading (Arbitrary crack orientation)
w 0 15 30 45 60 75 90
kI Coupled eﬀect 12.7300 4.6103 3.1682 2.4293 1.9886 1.7603 1.6927
Purely elastic 12.7220 4.6308 3.1872 2.4394 1.9899 1.7579 1.6901
kII Coupled eﬀect 7.8168 1.6152 0.5848 0.1957 0.0598 0.0214 0.0000
Purely elastic 7.7787 1.6039 0.5719 0.1845 0.0548 0.0218 0.0000
kD Coupled eﬀect 8.4566 1.8157 0.8117 0.4052 0.1950 0.0762 0.0000
Purely electric – – – – – – –
‘‘–’’ means data are not available.
Table 9
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
and d/c = 0.1 under uniform shear loading (Arbitrary crack orientation)
w 0 15 30 45 60 75 90
kI Coupled eﬀect 0.7735 1.3001 1.2672 1.0522 0.7146 0.3423 0.0000
Purely elastic 0.7758 1.2947 1.2531 1.0359 0.7043 0.3403 0.0000
kII Coupled eﬀect 1.2909 0.9883 1.2421 1.4985 1.6561 1.6995 1.6951
Purely elastic 1.2865 0.9883 1.2480 1.5111 1.6690 1.7027 1.6901
kD Coupled eﬀect 0.5762 0.7446 0.6018 0.4731 0.3649 0.2836 0.2508
Purely electric – – – – – – –
‘‘–’’ means data are not available.
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the case of uniform shear loading applied on the vertical crack faces are much smaller than those of kD when
pressure loading is acting on the horizontal crack problem (see Fig. 4). For instance, consider the case when
d/c = 0.1, kD ¼ 8:4566 for horizontal crack problem under uniform pressure loading, however, for vertical
Table 10
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
and d/c = 0.1 under uniform electric displacement loading (Arbitrary crack orientation)
w 0 15 30 45 60 75 90
kI Coupled eﬀect 0.0256 0.0220 0.0184 0.0127 0.0065 0.0020 0.0000
Purely elastic – – – – – – –
kII Coupled eﬀect 0.0103 0.0010 0.0067 0.0087 0.0068 0.0028 0.0005
Purely elastic – – – – – – –
kD Coupled eﬀect 2.0124 1.6180 1.5428 1.5133 1.4991 1.4918 1.4894
Purely electric 2.0320 1.6262 1.5460 1.5142 1.4997 1.4932 1.4913
‘‘–’’ means data are not available.
Table 11
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
and d/c = 0.4 under uniform pressure loading (Arbitrary crack orientation)
w 0 15 30 45 60 75 90
kI Coupled eﬀect 2.8147 2.1272 1.7591 1.5028 1.3345 1.2460 1.2201
Purely elastic 2.8325 2.1446 1.7715 1.5079 1.3343 1.2444 1.2189
kII Coupled eﬀect 0.8949 0.3441 0.1091 0.0113 0.0118 0.0067 0.0000
Purely elastic 0.8953 0.3398 0.1014 0.0043 0.0148 0.0065 0.0000
kD Coupled eﬀect 1.0654 0.5381 0.3129 0.1821 0.0976 0.0412 0.0000
Purely electric – – – – – – –
‘‘–’’ means data are not available.
Table 12
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
and d/c = 0.4 under uniform shear loading (Arbitrary crack orientation)
w 0 15 30 45 60 75 90
kI Coupled eﬀect 0.3414 0.4549 0.4451 0.3571 0.2273 0.1010 0.0000
Purely elastic 0.3400 0.4602 0.4550 0.3663 0.2310 0.1000 0.0000
kII Coupled eﬀect 1.0940 1.0811 1.1540 1.2235 1.2502 1.2362 1.2220
Purely elastic 1.0922 1.0803 1.1575 1.2314 1.2579 1.2376 1.2189
kD Coupled eﬀect 0.2338 0.2468 0.2170 0.1789 0.1384 0.1042 0.0901
Purely electric – – – – – – –
‘‘–’’ means data are not available.
Table 13
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
and d/c = 0.4 under uniform electric displacement loading (Arbitrary crack orientation)
w 0 15 30 45 60 75 90
kI Coupled eﬀect 0.0142 0.0137 0.0110 0.0066 0.0022 0.0002 0.0000
Purely elastic – – – – – – –
kII Coupled eﬀect 0.0060 0.0002 0.0039 0.0056 0.0042 0.0011 0.0006
Purely elastic – – – – – – –
kD Coupled eﬀect 1.2862 1.2073 1.1758 1.1592 1.1493 1.1436 1.1417
Purely electric 1.2915 1.2096 1.1762 1.1590 1.1496 1.1449 1.1435
‘‘–’’ means data are not available.
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uniform electric displacement loading. The values of kD, similar to the results for horizontal crack problem
(Fig. 4), are again almost identical for both ceramics when crack faces are under uniformly normal electric
displacement.
Table 14
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
and d/c = 1.0 under uniform pressure loading (Arbitrary crack orientation)
w 0 15 30 45 60 75 90
kI Coupled eﬀect 1.5248 1.3976 1.2812 1.1849 1.1194 1.0857 1.0761
Purely elastic 1.5381 1.4094 1.2887 1.1875 1.1191 1.0850 1.0757
kII Coupled eﬀect 0.1757 0.0641 0.0022 0.0194 0.0166 0.0072 0.0000
Purely elastic 0.1784 0.0621 0.0023 0.0233 0.0182 0.0071 0.0000
kD Coupled eﬀect 0.2622 0.1813 0.1221 0.0768 0.0430 0.0187 0.0000
Purely electric – – – – – – –
‘‘–’’ means data are not available.
Table 15
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
and d/c = 1.0 under uniform shear loading (Arbitrary crack orientation)
w 0 15 30 45 60 75 90
kI Coupled eﬀect 0.1210 0.1569 0.1541 0.1195 0.0716 0.0299 0.0000
Purely elastic 0.1210 0.1614 0.1605 0.1244 0.0729 0.0292 0.0000
kII Coupled eﬀect 1.0608 1.0638 1.0858 1.1018 1.0996 1.0853 1.0771
Purely elastic 1.0592 1.0631 1.0881 1.1064 1.1034 1.0858 1.0757
kD Coupled eﬀect 0.0706 0.0773 0.0736 0.0628 0.0486 0.0363 0.0315
Purely electric – – – – – – –
‘‘–’’ means data are not available.
Table 16
Comparisons of the normalized generalized stress intensity factors for mechanical and electrical (de-)coupled problem for PZT-6B material
and d/c = 1.0 under uniform electric displacement loading (Arbitrary crack orientation)
w 0 15 30 45 60 75 90
kI Coupled eﬀect 0.0084 0.0080 0.0059 0.0030 0.0006 0.0004 0.0000
Purely elastic – – – – – – –
kII Coupled eﬀect -0.0033 0.0001 0.0025 0.0032 0.0021 0.0004 0.0005
Purely elastic – – – – – – –
kD Coupled eﬀect 1.0866 1.0692 1.0596 1.0537 1.0499 1.0477 1.0470
Purely electric 1.0873 1.0691 1.0592 1.0534 1.0502 1.0485 1.0480
‘‘–’’ means data are not available.
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for the upper crack tip is presented in Figs. 7–9. Fig. 7 shows that under uniform pressure loading (d/c = 0.1,
0.4 and 1.0), the values kD for both ceramics are decreasing versus the orientations of the crack inclination.
Fig. 7 also shows that kD are much inﬂuenced by the uniform pressure loading when the crack orientation
is nearly in a horizontal position, and kD are zero when w is 90. The results of k

D under uniform shear loading
for both ceramics versus the anlges of the crack inclination are shown in Fig. 8, which present quite diﬀerent
behavior from that for normal pressure loading when d/c is small. First we note that kD has the tendency of
increasing initially as the crack starts from horizontal position to incline a small angle w. As the angle of
crack’s inclination increases further, kD will reach a maximum, and then k

D decreases as the angle of crack’s
inclination is further increased. The minimum of kD for both ceramics is occurred at the angle when w = 90.
Fig. 9 are the results for kD when the crack faces are under the uniform electric displacement loading. The
normalized electric displacement intensity factor kD is a decreasing function of the angle of the crack’s incli-
nation, starting from a maximum value and then decreasing to until a minimum. From the results presented in
Figs. 7–9, we observed that the eﬀect of the crack’s orientation on the electric displacement intensity factor kD
is not signiﬁcant when the depth of the crack d/c reaches approximately 1.0. Final remark is that the results of
electric displacement intensity factor kD for either coupled or decoupled mechanical piezoelectric materials are
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Fig. 2. Normalized electric displacement intensity factor kD versus d/c for horizontal crack subjected to uniform pressure loading.
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Fig. 3. Normalized electric displacement intensity factor kD versus d/c for horizontal crack subjected to uniform shear loading.
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Fig. 4. Normalized electric displacement intensity factor kD versus d/c for horizontal crack subjected to uniform electric displacement
loading.
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Fig. 5. Normalized electric displacement intensity factor kD versus d/c for vertical crack subjected to uniform shear loading.
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Fig. 6. Normalized electric displacement intensity factor kD versus d/c for vertical crack subjected to uniform electric displacement
loading.
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Fig. 7. Normalized electric displacement intensity factor kD for the upper crack tip versus w for crack subjected to uniform pressure
loading.
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Fig. 8. Normalized electric displacement intensity factor kD for the upper crack tip versus w for crack subjected to uniform shear loading.
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Fig. 9. Normalized electric displacement intensity factor kD for the upper crack tip versus w for crack subjected to uniform electric
displacement loading.
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data presented in Tables 4, 7, 10, 13 and 16. This implies that the electric displacement intensity factor kD can
be obtained directly by doing the purely electric problems.6. Conclusion
A crack embedded arbitrarily in a half-plane solid with traction-induction free boundary is analyzed.
This problem is formulated in terms of a system of singular integral equations whose kernel functions
are valid for general anisotropic piezoelectric materials. The kernel functions are then expressed explic-
itly in real forms for transversely isotropic piezoelectric material. The obtained coupled elastic and elec-
tric real kernel functions may be decoupled when the electric eﬀects disappear and the kernel functions
corresponding to the elastic part reduce to those appearing in the literature. The coupling eﬀects of the
mechanical and electric phenomena are presented by the generalized stress intensity factors. Results
show that the mechanical loadings have signiﬁcant eﬀects on the electric displacement intensity factors.
On the other hand, the inverse piezoelectric eﬀects play little inﬂuence on the mechanical stress intensity
factors.Appendix A
The hk and k in Eq. (38) are expressed ashk ¼  b4p
4
k þ b2p2k þ b0
n4p4k þ n2p2k þ n0
; ðk ¼ 1; 2Þ; ðA:1Þ
k ¼ g3p
2
3 þ g1
15p43 þ 13p23 þ 11
; ðA:2Þwhereb4 ¼ c22e16a22 þ e16e222; ðA:3Þ
b2 ¼ c12e22a11 þ c44e22a11  c22e21a11  c12e16a22  e16e22e21 þ e22e216;
b0 ¼ c44e21a11  e21e216;
n4 ¼ c22c44a22 þ c44e222;
n2 ¼ c44e22e21 þ c22e21e16  c12e22e16 þ c22e216 þ c22c44a11  c12c44a22;
n0 ¼ c44c12a11  c12e216;
g3 ¼ c12c44e22  c44c22e21;
g1 ¼ c212e16 þ c11c22e16 þ c12c44e21  c11c44e22;
15 ¼ c44c22a22 þ c44e222;
13 ¼ c11e222 þ c22e221  c212a22  c12e22e16  2c12e21e22
 2c12c44a22 þ c11c22a22 þ c22e16e21  2c44e21e22;
11 ¼ c44e221 þ c11e22e16 þ c11c44a22  c12e21e16:Appendix B
The kernel functions corresponding the type I roots for transversely isotropic piezoelectric materials are:
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K112 ¼ n2ð1þkh1Þ½ðr222r12Þn1ð1þkh2Þþ r22n2ð1þkh1Þþðr222r32Þkn3ðh1h2Þ;
K113 ¼ kn3ðh1h2Þ½ðr332r13Þn1ð1þkh2Þþðr332r23Þn2ð1þkh1Þþ r33kn3ðh1h2Þ;
K121 ¼ n1ðn2þkn3h2Þ½m11n1ð1þkh2Þþðm112m21Þn2ð1þkh1Þðm112m31Þkn3ðh1h2Þ;
K122 ¼ n2ðn1þkn3h1Þ½ðm222m12Þn1ð1þkh2Þþm22n2ð1þkh1Þþðm222m32Þkn3ðh1h2Þ;
K123 ¼ kn3ðn2h1n1h2Þ½ðm332m13Þn1ð1þkh2Þþðm332m23Þn2ð1þkh1Þþm33kn3ðh1h2Þ;
K211 ¼ð1þkh2Þfm11½n2ð1þkh1Þþkn3ðh2h1Þþn1½m11ð1þkh2Þ2m21ð1þkh1Þþ2km31ðh1h2Þg;
K212 ¼ð1þkh1Þfm22½n1ð1þkh2Þþkn3ðh1h2Þþn2½2m12ð1þkh2Þþm22ð1þkh1Þ2km32ðh1h2Þg;
K213 ¼ kðh1h2Þfm33½n1ð1þkh2Þn2ð1þkh1Þþn3½2m13ð1þkh2Þþ2m23ð1þkh1Þkm33ðh1h2Þg;
K221 ¼ðn2þkn3h2Þfr11½n2ð1þkh1Þþkn3ðh2h1Þþn1½r11ð1þkh2Þ2r21ð1þkh1Þþ2kr31ðh1h2Þg;
K222 ¼ðn1þkn3h1Þfr22½n1ð1þkh2Þþkn3ðh1h2Þþn2½2r12ð1þkh2Þþ r22ð1þkh1Þ2kr32ðh1h2Þg;
K223 ¼kðn2h1n1h2Þfr33½n1ð1þkh2Þn2ð1þkh1Þþn3½2r13ð1þkh2Þþ2r23ð1þkh1Þkr33ðh1h2Þg;
K311 ¼ð1þkh2Þfm11h1½n2ð1þkh1Þþkn3ðh2h1Þþn1½m11h1ð1þkh2Þ2m21h2ð1þkh1Þ2m31ðh1h2Þg;
K312 ¼ð1þkh1Þfm22h2½n1ð1þkh2Þþkn3ðh1h2Þþn2½2r12h1ð1þkh2Þþm22h2ð1þkh1Þþ2m32ðh1h2Þg;
K313 ¼ðh1h2Þfm33½n1ð1þkh2Þn2ð1þkh1Þþkn3½2m13h1ð1þkh2Þ2m23h2ð1þkh1Þm33ðh1h2Þg;
K321 ¼ðn2þkn3h2Þfr11h1½n2ð1þkh1Þþkn3ðh2h1Þþn1½r11h1ð1þkh2Þ2r21h2ð1þkh1Þ2r31ðh1h2Þg;
K322 ¼ðn1þkn3h1Þfr22h2½n1ð1þkh2Þþkn3ðh1h2Þþn2½2r12h1ð1þkh2Þþ r22h2ð1þkh1Þþ2r32ðh1h2Þg;
K323 ¼ðn2h1n1h2Þ r33½n1ð1þkh2Þn2ð1þkh1Þþkn3½2r13h1ð1þkh2Þ2r23h2ð1þkh1Þ r33ðh1h2Þf g;
F 11¼ kðn3n2Þ=ðn2þkn3h2Þ; F 12¼ kðn3n1Þ=ðn1þkn3h1Þ; F 13¼ðn2n1Þ=ðn2h1n1h2Þ:Appendix C
The kernel functions corresponding the type II roots for transversely isotropic piezoelectric materials are:K111 ¼ 2fm22½k2m2hðr^þ1  r^þ2 Þ  m^2 kmhk^þ r^þ1 k^2 þ m2½kmhn3ðk^ðr^þ2  2r^þ3 Þ  ðm^2 þ 2m^3 ÞkmhÞ
þ n2ð2r^þ2 kmhk^ m^2 k2m2h þ m^2 k^2Þ þ n2½kmhn3ððr^þ2  2r^þ3 Þkmh þ ðm^2 þ 2m^3 Þk^Þ
þ n2ðr^þ1 k2m2h þ m^2 kmhk^þ k^2ðr^þ1  r^þ2 ÞÞg;
K121 ¼ 2fm32½ðm^þ1  m^þ2 Þkmh þ r^1 k^ þ m2½k2mhn23ððr^2 þ 2r^3 Þmh þ ðm^þ2  2m^þ3 ÞrhÞ
þ n22ððm^þ1  m^þ2 Þkmh þ r^1 k^Þ þ kn2n3ðr^2 km2h  r^2 rhk^þ ðk^þ krhÞm^þ2 mhÞ
þ m22½n2ðr^1 kmh þ ðm^þ1  m^þ2 Þk^Þ þ kn3ððm^þ1  m^þ2 Þkm2h þ m^þ1 rhk^ mhðr^1 þ 2r^3 ðA:5Þ
þ ðk^ 2krhÞr^2 ÞÞ þ n2½k2mhn23ððm^þ2  2m^þ3 Þmh  ðr^2 þ 2r^3 ÞrhÞ þ n22ðr^1 kmh
þ ðm^þ1  m^þ2 Þk^Þ þ kn2n3ðm^þ1 km2h þ ðm^þ1  m^þ2 Þrhk^ mhðr^1 þ 2r^3 þ ð1þ k^Þr^2 ÞÞg;
K131 ¼ 2kfm32½ðm^þ1  m^þ2 Þkmh  r^1 k^ þ n2ðn2  n3Þ½ðr^2 þ 2r^3 Þkmhn3  n2ðr^1 kmh
þ ðm^þ1  m^þ2 Þk^Þ þ m22½n3ðm^þ1 k^þ ðr^1 þ 2r^2 þ 2r^3 ÞkmhÞ  n2ðr^1 kmh þ ðm^þ1  m^þ2 Þk^Þ
þ m2½kmhn23ðm^þ2  2m^þ3 Þ þ n2n3ðm^þ2 kmh  r^2 k^Þ þ n22ðkmhðm^þ1  m^þ2 Þ  r^1 k^Þg;
K211 ¼ 2fkmhn3ðm^þ2 kmh  r^2 k^Þ  n2½ðm^þ1  2m^þ3 Þk2m2h  ðr^2  2r^3 Þkmhk^þ ðm^þ1  m^þ2 Þk^2
þ m2½ðr^1  r^2  2r^3 Þk2m2h  ðm^þ2  2m^þ3 Þkmhk^þ r^1 k^2g;
P.S. Yang et al. / International Journal of Solids and Structures 44 (2007) 8556–8578 8577K221 ¼ 2fk2mhn23ðr^þ2 mh þ m^2 rhÞ þ m22 ½^rþ1  ðm^1  m^2  2m^3 Þkmh þ r^þ1 krh
þ n22½ðm^1  2m^3 Þkmh þ ðr^þ1  r^þ2 Þk^ þ kn2n3½ðr^þ1  2r^þ3 Þkm2h þ ðr^þ1  r^þ2 Þrhk^
þ mhðm^1 þ 2m^2 þ ðm^2 þ 2m^3 ÞkrhÞ þ m2½n2ðr^þ2 kmh  m^2 k^Þ
þ kn3ððm^1  m^2  2m^3 Þkm2h  ðr^þ1 þ r^þ2 Þmh þ ðr^þ2  2r^þ3 Þkmhrh þ m^1 rhk^Þg;
K231 ¼ 2fkmhn3ðm^þ2 kmh  r^2 k^Þ þ n2½ðm^þ1  2m^þ3 Þk2m2h þ ðr^2 þ 2r^3 Þkmhk^ ðm^þ1  m^þ2 Þk^2
þ m2½k2m2hðr^1  r^2  2r^3 Þ  ðm^þ2  2m^þ3 Þkmhk^þ r^1 k^2g;
K311 ¼ 2fk2m3hðr^1 n2 þ r^2 n3Þ þ ðm^þ1  m^þ2 Þn2rhk^2 þ km2h½m^þ2 n3 þ n2ðm^þ2 k^þ 2m^þ3 þ m^þ1 krhÞ
 mhk^½^r2 kn3rh þ ðr^1 k^ r^2  2r^3 Þn2  m2½ðm^þ1  m^þ2 Þk2m3h þ km2hðr^2 þ 2r^3 þ r^1 krhÞ
þ mhk^ðm^þ1 k^ 2m^þ3  m^þ2 krhÞ þ r^1 rhk^2g;
K321 ¼ 2fk2m3hn3ðm^1 n2 þ m^2 n3Þ  ðr^þ1  r^þ2 Þn2rhk^ðn2 þ kn3rhÞ þ m22½r^þ1 rhk^ ðr^þ1  r^þ2 Þkm2h
þ mhðm^1 þ 2m^3  m^2 krhÞ þ km2hn2½n3ðr^þ1 ðk^ 2krhÞ  r^þ1 n2 þ r^þ2  2r^þ3 þ r^þ2 k^Þ
þ mh½m^2 k2n23r2h þ n22ðm^1 þ 2m^3 þ m^2 k^Þ þ kn2n3rhð2m^3  m^1 k^ m^1  m^2 Þ
þ m2½ðr^þ1  r^þ2 Þk2m3hn3 þ rhk^ðm^2 n2  m^1 kn3rhÞ þ km2hðn3ðm^1 ðk^ 2krhÞ þ m^2  2m^3 Þ
 m^2 n2Þ þ mhðr^þ2 n2ðk^þ krhÞ þ ðr^þ1 ð1þ k^Þ þ r^þ2 ðk^ 2krhÞ  2r^þ3 Þkn3rhÞg;
K331 ¼ 2kfm22½ðr^þ1  r^þ2 Þkm2h þ r^þ1 rhk^þ mhðm^1  2m^3 þ m^2 krhÞ þ ðn2  n3Þ½km2hðr^þ1 n2  r^þ2 n3Þ
þ ðr^þ1  r^þ2 Þn2rhk^þ mhðn2ðm^1  m^2  2m^3 Þ  m^2 kðn2  n3ÞrhÞ þ m2½mhðn3ðr^þ1  2r^þ3 Þ
þ km2hðm^2 n2  ðm^1 þ 2m^2 Þn3Þ  ðm^2 n2 þ m^1 n3Þrhk^þ ðn2 þ 2kðn2  n3ÞrhÞr^þ2 Þg;
K112 ¼ 4kmhn3fkmhr33n3 þ n2½kmhðr33  r13  r23Þ  k^ðm13  m23Þ þ m2½k^ðr33  r13  r23Þ
þ kmhðm13  m23Þg;
K122 ¼ 4kn3ðmhn2 þ m2rhÞfkmhm33n3 þ n2½kmhðm33  m13  m23Þ þ k^ðr13  r23Þ
þ m2½k^ðm33  m13  m23Þ  kmhðr13  r23Þg;
K212 ¼ 4kmhfkmh½m33n2 þ n3ðm33  m13  m23Þ þ k^½m2m33 þ n3ðr13  r23Þg;
K222 ¼ 4kðmhn2 þ m2rhÞfkmh½r33n2 þ n3ðr33  r13  r23Þ þ k^½m2r33  n3ðm13  m23Þg;
K312 ¼ 4mhfm2m33k^þ krhn3ðr13  r23Þk^þ kmh½kmhn3ðr13  r23Þ  n3ðm33  m13  m23Þ  m33n2g;
K322 ¼ 4ðmhn2 þ m2rhÞfm2r33k^þ krhn3ðm13  m23Þk^þ kmh½kmhn3ðm13  m23Þ þ r33n2
þ n3ðr33  r13  r23Þg;
K132 ¼ F 2K122 ; K232 ¼ F 2K222 ; K332 ¼ F 2K322 ;wherer^1 ¼ r11  r22; r^2 ¼ r12  r21; r^3 ¼ r31  r32; F 2 ¼ m2=ðmhn2 þ m2rhÞ; ðA:6Þ
m^1 ¼ m11  m22; m^2 ¼ m12  m21; m^3 ¼ m31  m32; k^ ¼ 1þ krh:References
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